
PHYSICAL REVIEW E JANUARY 1999VOLUME 59, NUMBER 1
Examination of the statistical rate theory expression for liquid evaporation rates

G. Fang* and C. A. Ward†

Thermodynamics and Kinetics Laboratory, Department of Mechanical and Industrial Engineering, University of Toronto,
5 King’s College Road, Toronto, Ontario, Canada M5S 3G8

~Received 9 March 1998!

Recent measurements of the temperature at the interface of an evaporating liquid have been found to be in
conflict with the predictions of classical kinetic theory. Under 20 different experimental conditions for water
evaporation, the temperature in the vapor at the interface was measured to be greater than that in the liquid at
the interface and this relation between the interfacial temperatures is the opposite to that predicted from
classical kinetic theory. When these same data were used to examine the statistical rate theory~SRT! expres-
sion for the liquid evaporation rate, almost complete agreement was found. This theoretical approach is based
on the transition probability concept, as defined in quantum mechanics, a hypothesis that assumes the rate of
exchange between the possible quantum mechanical states of an isolated system that are within the energy
uncertainty has the same value, and the Boltzmann definition of entropy. To determine whether the SRT
expression for the evaporation rate also describes the liquid-vapor phase transition for liquids other than water,
two hydrocarbons have been examined. The agreement between the predictions from SRT and the measure-
ments is equally as good. These results raise the question of whether a quantum mechanical description is
essential to describe the condition existing at the interface of an evaporating liquid.@S1063-651X~98!10712-2#

PACS number~s!: 68.10.Jy
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I. INTRODUCTION

Statistical rate theory~SRT! @1# has recently been used t
develop an expression for predicting the rate of liquid eva
ration @2#. This theoretical approach is based on the tran
tion probability concept, as defined in quantum mechan
and uses the Boltzmann definition of entropy to relate
predictions to measurable thermodynamic properties. The
sult of applying this procedure was the development o
complete expression~in the sense that there were no fittin
parameters! for the liquid evaporation flux. The expression
in terms of the temperature and pressure in each phase a
phase boundary and known molecular and material pro
ties of the substance evaporating. To examine the expres
it was used to predict the conditions under which wa
evaporated at a particular rate@2#; these predictions were
compared with the measurements of water evaporation a
different experimental conditions that had been reported
Refs. @3# and @4#. The agreement was excellent and it w
concluded that there was no measured disagreement@2#.

There were, however, questions regarding the data
Refs.@3# and@4#. In both cases, the measurements indica
that during steady-state evaporation of water, the temp
ture in the vapor at the interface wasgreaterthan that in the
liquid at the interface. This measured temperature disco
nuity is in the oppositedirection and its magnitude muc
larger, up to 7.8 °C@3#, than that predicted from solutions o
several different models of the Boltzmann equation. Th
solutions were obtained from different boundary conditio
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@5#. Since the measurements and the theory both stron
disagree with the predictions of classical kinetic theory a
only water had been examined experimentally, the ques
arose whether there could have been a fortuitous cancelin
errors that resulted in the close agreement between the
dictions and the measurements in the case of water.

To examine the expression for the evaporation rate un
different circumstances, the evaporation of two hydrocarb
that consist of differently shaped molecules has been stud
octane and methylcyclohexane. The former has a ‘‘strai
chain’’ structure with one methyl (CH3) at each end and six
methylenes (CH2) in between and the latter is a spherica
shaped molecule with one methyl at an outside corner. At
same temperature, the hydrocarbons are more volatile
water. This has the advantage of allowing higher evapora
rates to be studied, but the disadvantage of making the
termination of the temperature at the interface in each ph
more difficult. The temperature exactly at the interface c
not be measured. As in the case of water, the continu
energy equation is solved using the temperature measure
different positions in the liquid and in the vapor phases as
boundary conditions and the temperature at the interfac
then calculated from the solution of the continuum ene
equation. For the hydrocarbons in contrast with water,
convective effects in the liquid cannot be neglected an
numerical procedure must be used to determine the temp
ture at the interface in each phase.

We find in each of five experimental circumstances w
each liquid that at the interface, the temperature in the va
is greater than the temperature in the liquid. Once these t
peratures have been determined, they are used in the
expression for the evaporation rate to predict the pressur
the vapor at which a particular evaporation rate is expec
This predicted pressure can then be critically compared w
that measured when the liquid is evaporating at that rate
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442 PRE 59G. FANG AND C. A. WARD
II. EXPERIMENTAL PROCEDURES

A schematic of the evaporation chamber used is show
Fig. 1. The apparatus and experimental procedure is
scribed in detail in Ref.@3#. Briefly, each liquid was pumped
into the evaporation chamber at a constant rate with an i
sion pump ~0.5% accuracy over a liquid flow rate rang
0.48–8.82 l/h!. The liquid-vapor interface was visible from
outside and the pressure in the chamber was adjusted
the liquid-vapor interface was observed with a cathetom
to be unmoving~accuracy610 mm! for a period of 2 h. The
temperature of each liquid entering the chamber was m
tained at 26 °C with the heat exchanger indicated in Fig.

Once a steady state had been reached, the temper
was measured with the three fixed thermocouples indica
in Fig. 1 and also on the center line at two positions in ea
phase with two differently sized thermocouples. With t
small thermocouple~25.4-mm-diam wire! the temperature in
the vapor was measured approximately 25mm from the in-
terface. When the temperature measurements were rep
approximately 1 h after they were first made, the maximu
deviation in the temperature readings at any position was
K. The temperatures measured by the fixed thermocou
and by the movable thermocouple at two positions in e
phase served as the boundary conditions for calculating
temperature field by the procedure described in Sec. III.

The liquids examined, octane (Aldrich®, 991%, water
less than 0.005%, evaporation residue less than 0.000!
and methylcyclohexane (Aldrich®, 991%, water less than
0.005%, evaporation residue less than 0.0005%!, were de-
gassed before they were used, but they were not other
purified. The conditions existing in the chamber were m
sured when each liquid was evaporating at one of five
ferent rates. A summary of the experimental results is sho
in Table I. The temperatures measured on the center
with the small thermocouple for the highest evaporation r
of each liquid are shown in Fig. 2.

Near the interface, the measured temperature in the va
was higher than that in the liquid for all of the experimen
with these hydrocarbons. This is consistent with the res

FIG. 1. Schematic diagram of the experimental apparatus.
denotes thermocouple.
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obtained in the previous experiments with water. To det
mine the temperature at the interface, it is necessary to
culate the temperature profile.

III. INTERFACE AREA

To calculate the total energy flux into the liquid phase, t
area of the interface is required. The interface is assum
axisymmetric and following the procedure developed in R
@4#, the area may be predicted from the measured heigh
the interface on the center linea and the measured radius o
the funnel at the point where the liquid-vapor interface int
sects the funnelb. If the radius of curvature on the center lin
of the axisymmetric surface is denoted byRc , then the co-
ordinates of a point on the interfacer i ,zi may be expressed
as a function of the turning anglef @4#,

dri5
cosf df

2

Rc
1S rLg

gLVD S ~a2zi !2
sin f

r i
D ~1!

and

dzi5
2sin f df

2

Rc
1S rLg

gLVD S ~a2zi !2
sin f

r i
D , ~2!

with the boundary conditions

r i~0!50 ~3!

and

zi~0!5a, ~4!

wheregLV is the surface tension,rL the density of the liquid,
andg the gravitational intensity. Equations~1! and ~2! con-
tain the unknownRc . The independent variable ofr i(f) and
zi(f), f, has a limited range

0<f<u2z, ~5!

where the contact angle is denoted asu and the angle of the
cone asz. At fmax, r i(f) andzi(f) may be evaluated:

r i~u2z!5b ~6!

and

zi~u2z!5a2b tan~z!. ~7!

A numerical procedure is given in Ref.@4# for calculating
u andRc from the measured values ofb, z, anda. For all of
the experiments, the value ofb was 3.05 mm andz was 50°.
For each of our experiments, the measured value ofa is
given in Table I. The values ofRc and u were constant in
each experiment. Thus an iterative procedure could be u
to determine their values. The value ofRc was assumed firs
and Eq. ~2! integrated overf until zi reached the value
a2b tan(z). Since the argument ofzi at this point was equa
to u2z, the value ofu could be determined. Then Eq.~1!
could be integrated untilr i had reached the valueb, at which
point its argument had the valueu2z. Thus a second value

C
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TABLE I. Summary of the evaporation experiments with hydrocarbons.

Total
liquid

evaporation
rate

~ml/h!

Pressure
in the
vapor
~Pa!

TemperatureTM5

measured in the
vapor near

the interface
at (ẑ, 0!a

~6deviation!b

~°C!

TemperatureTNI
L

measured in the
liquid near the

interface at
(R2

L , 0!a

~6deviation!
~°C!

Average
evaporation

flux j̄
~g m22 s21!

Height
of the

interface
at the

centera
~mm!

Radius
of the

interface
at the
center

Rc

~mm!

440c 686.6 ~6.03, 0! ~5.93, 0! 1.064 5.97 5.69
11.960.0 8.860.2

475d 2950.4 ~5.96, 0! ~5.81, 0! 1.279 5.91 5.20
13.460.2 10.960.2

490d 2037.2 ~5.71, 0! ~5.51, 0! 1.505 5.68 5.19
7.260.2 4.260.2

510c 530.6 ~5.88, 0! ~5.73, 0! 1.305 5.87 5.09
8.460.1 5.060.1

550c 481.3 ~5.85, 0! ~570, 0! 1.436 5.84 5.13
6.860.0 3.260.0

585d 1146.6 ~5.31, 0! ~5.16, 0! 2.328 5.2 5.12
21.460.1 25.860.1

600d 1319.9 ~5.21, 0! ~5.06, 0! 2.402 5.12 5.72
0.760.1 23.460.1

630c 350.6 ~5.66, 0! ~5.56, 0! 1.823 5.64 5.39
3.860.2 0.160.1

675c 318.6 ~5.68, 0! ~5.53, 0! 1.929 5.66 5.67
2.960.1 21.760.1

735d 686.6 ~4.86, 0! ~4.71, 0! 2.912 4.83 4.50
27.360.1 212.360.1

aThe unit of position used in the parentheses is mm.
b‘‘ 6 deviation’’ is the difference in the value of the temperatures from the mean mean measured one
cExperiment with octane when the temperature of liquid entering the evaporation chamber was 26 °C
dMethylcyclohexane experiment when the temperature of liquid entering the evaporation chamber was
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of u could be determined. If the two values ofu did not
agree, then a new value ofRc was assumed and the proce
repeated. To assess the accuracy of the predicted area o
interface, the calculated interface shape@zi(f),r i(f)# may
be compared with the image captured by a charge cou
device camera. After the interface shape has been obta
the surface area may be calculated from

AI5E
0

u2z 2pr i

2

Rc
1S rLg

gLVD S ~a2zi !2
sin f

r i
D df. ~8!

For each experiment the calculated value ofRc is listed in
Table I and the value ofAI in Table II. Then the average hea
flux from the vapor phase to the interface may be expres

Q̄IV5
2p

AI
E

0

u2z r i@2kV~¹W T! IV•nW I #

F 2

Rc
1S rLg

gLVD S a2zi2
sin f

r i
D G df, ~9!

wherenW I is the unit normal vector of the interface. The val
of Q̄IV is used to determine one of the boundary conditio
for the temperature field in the liquid.
the

ed
ed,

ed

s

IV. TEMPERATURE PROFILES

For these two hydrocarbons, the material properties
found in Ref.@6#, which include the latent heat of vaporiza
tion, the densities of the saturation liquid and vapor, the sa
ration pressure, the viscosities of the liquid and the vap
the surface tension, the thermal conductivities of the liq
and the vapor, and the specific heat at constant press
However, the molecular properties of these hydrocarbo
such as their quantum mechanical vibrational and rotatio
characteristics, are not available.

A. Temperature field in the vapor

Since the maximum Mach number in the highest eva
ration experiments was 2.331024, the assumptions and th
procedures for calculating the temperature profile in the
por phase are the same as those described in Refs.@3# and
@4#. The procedure is briefly described here. If the tempe
ture nearest the interface in the liquid phase is denoted
TNI

L , we take as the definition of nondimensional tempe

ture T̄,

T̄5
T~z,r !2T~z2,0!

TNI
L . ~10!
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444 PRE 59G. FANG AND C. A. WARD
Then the axisymmetric, steady-state continuum energy e
tion in cylindrical coordinates~z,r! may be written in terms
of the nondimensional temperature

Pe
]

] z̄
T̄5

1

r̄

]

] r̄ S r̄
]

] r̄
T̄D1

]2

] z̄2 T̄, ~11!

where the position coordinates have been nondimensio
ized with respect to the radius of the evaporation chambeR0
and the Pe´clet number Pe is given by

Pe5
rVuR0cp

V

kV , ~12!

where rV is the density of the vapor,u is the fluid speed
which we approximate as uniform, andcp

V and kV are the
constant pressure specific heat and the thermal conduct
of the vapor. The productrVu is the mass flux and it may b
written in terms of the average evaporation fluxj̄ . Since the
area of the liquid-vapor interfaceAI is different from the
cross-sectional area of the evaporation chamber~see Fig. 1!,
the mass flux is given by

FIG. 2. Temperature profiles on the center line. The solid cu
is the calculated temperature profile and the solid dots are the m
sured temperatures. The solid vertical line indicates the positio
the interface.~a! Experiment with octane at a 675–ml/h liquid
evaporation rate.~b! Experiment with methylcyclohexane at a 73
ml/h liquid evaporation rate.
a-

al-

ity

rVu5
j̄ AI

pR0
2 ~13!

andPe may then be expressed

Pe5
j̄ AIcp

V

pR0kV . ~14!

For each experiment, the value ofPe may be calculated from
Eq. ~14! using the values@6# of cp

V , kV, the results listed in
Table II, and the value ofR0 , which is equal to 9.5 mm@3#.

If the temperatures measured at the positions (z2,0),
(z2 ,r w2), and (z1 ,r w1) indicated in Fig. 1 are denoted a
TM1 , TM2 , andTM3 andT̄0 is a value of the nondimensiona
temperature that is assigned to the position (z1,0), then fol-
lowing the procedure of Ref.@3#, we assume that the tem
perature at the upper boundary of the vapor may be appr
mated as

T̄~ z̄2 , r̄ !5T̄M11 r̄ 2~ T̄M22T̄M1! ~15!

and at the bottom as

T̄~ z̄1 , r̄ !5T̄01 r̄ 2~ T̄M32T̄0!. ~16!

As the boundary condition on the lateral surface of the vap
we assume

S ]T̄

] r̄
D

r̄ 51

5
Nu

2
T̄~ z̄,1!, ~17!

where Nu is the Nusselt number and may be expresse
terms of the heat transfer coefficienth: Nu52R0h/kV.
Following Refs.@3,4#, the values of Nu andT̄0 are assigned
by the procedure described below. For each experiment
take Nu to be constant, but the value unknown for pres
Then the solution to the energy equation may be written
terms of Bessel functions and after requiring the solution
be bounded on the axis, one finds

T̄5 (
l50

`

~Nlem1z̄1Mlem2z̄!J0~ql r̄ !, ~18!

whereJ0(ql r̄ ) is the zeroth-order Bessel function of the fir
kind. After applying the boundary condition given in Eq
~15!–~17!, one finds that the separation constant is given

ql52
NuJ0~ql!

2J1~ql!
~19!

and

m15
Pe2APe214ql

2

2
, m25

Pe1APe214ql
2

2
~20!

and after taking advantage of the orthogonality properties
the Bessel functions

e
a-

of
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Nl52

e2m2z̄1E
0

1

r̄ T̄~ z̄1 , r̄ !J0~ql r̄ !dr̄2e2m2z̄2E
0

1

r̄ T̄~ z̄2 , r̄ !J0~ql r̄ !dr̄

@J1
2~ql!1J0

2~ql!#~e~m12m2!z̄12e~m12m2!z̄2!
~21!

TABLE II. Values of NuB and T̄0B , maximum error of the calculation, and the temperature discontinuity across the interfac

Total
liquid

evaporation
rate

~ml/h!

Values
of

NuB

and

T̄0B

Temperature on
the vapor
side of the
interface
on the
center
linea

~6deviation!
~°C!

Temperature on
the liquid
side of the
interface
on the
center
linea

~6deviation!
~°C!

Interface
areaAI

(1025 m2)

Maximum
difference

of measured
and calculated

temperature on the
center line

~°C!

Maximum
difference

of measured
and calculated

temperature on the
chamber

wall
~°C!

Temp
difference

across
interface
obtained

with
25-mm TCs

~°C!

Temp
difference

across
interface
obtained

with
81-mm TCs

~°C!

440b 17.04, 11.7 8.6 8.17 0.6 0.4 3.160.2 3.360.2
20.087 60.1 60.1

475c 18.44, 13.2 10.7 8.023 0.8 0.3 2.560.5 2.560.2
20.073 60.2 60.3

490c 17.07, 7.0 3.7 7.091 1.0 0.4 3.360.3 3.260.2
20.113 60.2 60.1

510b 16.74, 8.3 4.6 7.76 0.6 0.6 3.760.2 3.860.1
20.103 60.1 60.1

550b 17.07, 6.8 2.9 7.62 0.6 0.4 3.960.2 4.160.3
20.114 60.1 60.1

585c 16.83, 22.1 25.9 5.529 1.0 0.6 3.960.1 4.160.3
20.142 60.0 60.1

600c 17.00, 0.1 23.5 5.479 0.9 0.5 3.660.2 3.860.3
20.137 60.1 60.1

630b 17.35, 3.7 21.1 6.91 0.8 0.5 4.760.4 5.060.2
20.127 60.2 60.2

675b 16.95, 2.8 22.1 7.00 0.6 0.6 4.960.2 5.160.3
20.134 60.1 60.1

735c 17.07, 27.5 213.3 4.452 1.0 0.6 5.760.4 5.960.2
20.165 60.1 60.3

aTemperature calculated at the interface.
bExperiment with octane when the temperature of liquid entering the evaporation chamber was 26 °C.
cMethylcyclohexane experiment when the temperature of liquid entering the evaporation chamber was 26 °C.
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Ml5

2e2m2z̄2E
0

1

r̄ T̄~ z̄2 , r̄ !J0~ql r̄ !dr̄

J1
2~ql!1J0

2~ql!
2Nle~m12m2!z̄2.

~22!

The values ofNl andMl depend implicitly on the values
of Nu andT̄0 and explicitly onPe . To determine the value
of Nl and Ml , we will use the measured evaporation flu
and the temperatures measured in the vapor at five p
tions: T̄M1 , T̄M2 ,...,T̄M5 listed in Table III. As indicated in
Fig. 1, T̄M4 is the temperature measured at (z3 ,r w3) andT̄M5
is the temperature measured with the movable thermoco
at the position (ẑ,0). If the nondimensional temperature ca
culated at each of these positions is denoted asT̄C j , j
si-

le

51,. . .,5, then a measure of the error between the calcul
temperature and the measured temperature at these poi

E5(
j 51

5

~ T̄C j2T̄M j !
2. ~23!

Since the calculated temperature depends onT̄0 and Nu as
parameters, the best values to choose for these param
would be those values that give the minimum error. T
requires

S ]E

] NuD
T̄05T̄0B ,Nu5NuB

50 ~24!

and
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TABLE III. Temperatures measured andQ̄IL used in the boundary conditions.

Liquid
evaporation

rate
~ml/h!

Positiona ~z,0!
and temperatureTM1

~°C!

Positiona ~z,r!
and temperatureTM2

~°C!

Positiona ~z,r!
and temperatureTM3

~°C!

Positiona ~z,r!
and temperatureTM4

~°C!
Q̄IL

~W/m2!

Positiona (R1
L,0)

and temperatureT1
L

~°C!

440b ~22.53, 0! ~22.41, 8.13! ~15.88, 8.13! ~3.48, 8.13! 333.4 ~4.03, 0!
25.760.1 26.460.1 25.560.1 25.060.1 60.2 9.660.1

475c ~22.46, 0! ~22.41, 8.13! ~15.88, 8.13! ~3.48, 8.13! 421.5 ~4.46, 0!
25.160.1 25.560.1 24.860.1 24.160.1 61.1 11.460.3

490c ~22.51, 0! ~22.41, 8.13! ~15.88, 8.13! ~3.48, 8.13! 481.9 ~4.01, 0!
26.060.1 26.660.0 25.860.1 25.060.0 61.4 6.160.1

510b ~22.53, 0! ~22.41, 8.13! ~15.88, 8.13! ~3.48, 8.13! 414.2 ~4.03, 0!
25.160.1 25.960.1 25.060.1 24.460.1 60.2 5.960.0

550b ~22.50, 0! ~22.41, 8.13! ~15.88, 8.13! ~3.48, 8.13! 457.0 ~4.50, 0!
25.360.0 26.260.1 25.260.1 24.560.1 60.0 4.860.0

585c ~22.56, 0! ~22.41, 8.13! ~15.88, 8.13! ~3.48, 8.13! 768.2 ~4.06, 0!
24.060.0 24.960.0 23.860.0 23.160.1 61.1 23.260.1

600c ~22.56, 0! ~22.41, 8.13! ~15.88, 8.13! ~3.48, 8.13! 797.3 ~4.06, 0!
26.260.1 27.060.0 25.960.0 25.060.1 61.5 0.160.1

630b ~22.56, 0! ~22.41, 8.13! ~15.88, 8.13! ~3.48, 8.13! 593.6 ~3.56, 0!
25.460.0 26.360.0 25.260.1 24.460.1 60.3 1.160.1

675b ~22.53, 0! ~22.41, 8.13! ~15.88, 8.13! ~3.48, 8.13! 632.4 ~4.03, 0!
25.460.1 26.560.1 25.360.1 24.460.0 60.6 20.560.0

735c ~22.46, 0! ~22.41, 8.13! ~15.88, 8.13! ~3.48, 8.13! 970.76 ~3.46, 0!
25.060.1 26.060.0 24.760.1 23.860.1 1.2 27.760.1

aThe unit of position used in the parentheses is mm.
bExperiment with octane when the temperature of liquid entering the evaporation chamber was 26 °C.
cMethylcyclohexane experiment when the temperature of liquid entering the evaporation chamber was 26 °C.
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S ]E

]T̄0
D

T̄05T̄0B ,Nu5NuB

50. ~25!

Using the numerical procedure described in Ref.@4#, the
value of thePe from Eq.~14! and the measured values of th
temperatures at the five positions to obtainT̄M j , j 51,. . .,5
listed in Table III, the values ofT̄0 and Nu may be deter
mined from Eqs.~24! and ~25!. The values ofT̄0 and Nu
obtained for each experiment are listed in Table II. Once
values ofT̄0 and Nu have been determined, they may be u
to calculate the heat flux from the vapor to the liquid-vap
interfaceQ̄V .

B. Expressions for the temperature in the liquid

Spherical coordinates (RL,w,v) are used to calculate th
temperature field in the liquid. The axisymmetric ener
equation in nondimensional form is

R̄2
]2T̄

]R̄2
1~2R̄2a!

]

]R̄
T̄1

1

sin w

]

]w
S sin w

]

]w
T̄D

52b8R̄252q cosw, ~26!

whereT̄ is the ratio of the temperature in the liquidTL to the
temperature measured near the interfaceTNI

L , the nondimen-

sional radiusR̄ is the ratio ofRL to a,
e
d
r

a[
rcpjAI

2apkL~12coswmax!
, ~27!

b8[
r~ j̄ AI !

3

4a5p3kL~12coswmax!
3TNI

L , ~28!

and

q[
rg jĀI

2pkL~12coswmax!TNI
L , ~29!

where j̄ is the measured evaporation flux,kL is the thermal
conductivity of the liquid, andwmax is the polar angle of the
glass funnel. For the hydrocarbon experiments we consid
b8<10217 andq<1029; thusb8R̄25 andq cosw are neg-
ligible; however, the value ofa is on the order of 0.20 and
must be retained:

]2T̄

]R̄2
1

~2R̄2a!

R̄2

]

]R̄
T̄1

1

R̄2
S ]2T̄

]w2
1cot w

]

]w
T̄D 50.

~30!

Conservation of energy may be applied at the liquid-vap
interface to determine the boundary conditions. Since on
the average evaporation flux has been measured, we tak
average of the energy flux over the interface. The avera
energy flux from the vapor side to the interfaceQ̄IV is deter-
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mined from Eq.~9!. As in the case of water, the value of th
average energy flux at the interface in the liquid phaseQ̄IL

may be determined from the measured evaporation fluxj̄

Q̄IL5 j̄ ~hV2hL!2Q̄IV , ~31!

whereh is the enthalpy. We shall approximate the differen
betweenhV andhL as the latent heat of vaporizationlLV .

Because the liquid phase is inside the glass funnel and
funnel is inside the double-walled evaporation chamber,
again neglect the heat flux through the wall of the funn
Thus the total heat flux averaged over a radial cross sec
in the liquid phase will be approximately constant throug
out the liquid phase in a steady state.

To solve Eq.~30!, a finite difference procedure@7# will be
applied. In the finite difference procedure, the radial varia
R̄ and the azimuthal anglew in spherical coordinates at
nodal point~i,j! are given by

R̄5 iDR̄, i 5i,...,m ~32!

and

w5 j Dw, j 50,1,. . .,n, ~33!

whereiDR̄ is the distance corresponding to the position
R1

L . The positionR1
L is the position on the center line deepe

in the liquid where the temperature was measured. The t
perature at a point~i,j! may be expressed

T̄~R̄,w!u i , j5T̄~ iDR̄, j Dw!5T̄i , j . ~34!

The temperatures at the neighboring nodal points surrou
ing the point~i,j! ~five-point formula! are expressed by ap
plying a Taylor series at~i,j! and neglecting the terms con
taining third- or higher-order derivatives:

T̄i 11,j5T̄i , j1~DR̄!S ]

]R̄
T̄D

i , j

1
~DR̄!2

2
S ]2T̄

]R̄2
D

i , j

,

~35!

T̄i 21,j5T̄i , j2~DR̄!S ]

]R̄
T̄D

i , j

1
~DR̄!2

2
S ]2T̄

]R̄2
D

i , j

,

~36!

T̄i , j 115T̄i , j1~R̄Dw!S ]

]~R̄w!
T̄D

i , j

1
~R̄Dw!2

2
S ]2T̄

]~R̄w!2
D

i , j

, ~37!

and
e

he
e
l.
on
-

e

f
t

-

d-

T̄i , j 215T̄i , j2~R̄Dw!S ]

]~R̄w!
T̄D

i , j

1
~R̄Dw!2

2
S ]2T̄

]~R̄w!2
D

i , j

. ~38!

We multiply both sides of Eqs.~35!–~38! by A, B, C, andD,
respectively, add the resulting expressions, and collect
terms involving derivatives on one side:

A~ T̄i 11,j2T̄i , j !1B~ T̄i 21,j2T̄i , j !

1C~ T̄i , j 112T̄i , j !1D~ T̄i , j 112T̄i , j !

5~A2B!~DR̄!S ]

]R̄
T̄D

i , j

1~A1B!
~DR̄!2

2
S ]2T̄

]R̄2
D

i , j

1~C2D !~R̄Dw!S ]

]~R̄w!
T̄D

i , j

1~C1D !
~R̄Dw!2

2
S ]2T̄

]~R̄w!2
D

i , j

. ~39!

The side with the derivative terms represents Eq.~30!. By
comparing the coefficients of Eq.~39! with those of Eq.~30!,
the four coefficientsA, B, C, andD may be determined:

A5
1

~DR̄!2
1

2iDR̄2a

2i 2~DR̄!3
, ~40!

B5
1

~DR̄!2
2

2iDR̄2a

2i 2~DR̄!3
, ~41!

C5
1

~ iDR̄Dw!2
1

cot~ j Dw!

2~ iDR̄!2Dw
, ~42!

and

D5
1

~ iDR̄Dw!2
2

cot~ j Dw!

2~ iDR̄!2Dw
. ~43!

Then A, B, C, and D are substituted into Eq.~39! and one
finds for i11< i<m21 and 1< j <n21
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S 11
2iDR̄2a

2i 2~DR̄!
D T̄i 11,j1S 12

2iDR̄2a

2i 2~DR̄!
D T̄i 21,j

22T̄i , j2
2T̄i , j

~ iDw!2
1S 1

~ iDw!2
1

cot~ j Dw!

2i 2Dw
D T̄i , j 11

1S 1

~ iDw!2
2

cot~ j Dw!

2i 2Dw
D T̄i , j 2150. ~44!

To examine the error of the finite difference procedure,
will compare the calculated temperature profile with the te
perature measured on the center line.

On the central line (w50 and j 50!, one has

lim
w→0

S cot w
]

]w
T̄D5

]2T̄

]w2 . ~45!

Substituting Eq.~45! into Eq. ~30!, one finds

]2T̄

]R̄2
1

~2R̄2a!

R̄2

]

]R̄
T̄1

2

R̄2
S ]2T̄

]w2D 50. ~46!

Since the temperature profile was assumed to be axially s
metric,

T̄i ,215T̄i ,1 . ~47!

Following the same procedure, Eq.~46! may be written for
j 50 andi11< i<m21,

S 11
2iDR̄2a

2i 2~DR̄!
D T̄i 11,01S 12

2iDR̄2a

2i 2~DR̄!
D T̄i 21,0

22T̄i ,01
4~ T̄i ,12T̄i ,0!

~ iDw!2
50. ~48!

On the wall of the glass funnel (w5wmax and j 5n), the
energy transfer through the wall is negligible and one ha

S ]

]~R̄w!
T̄D

i ,n

50. ~49!

If Eq. ~49! is used to replace Eq.~37!, then for j 5n and i
11< i<m21, the energy equation becomes

S 11
2iDR̄2a

2i 2~DR̄!
D T̄i 11,n1S 12

2iDR̄2a

2i 2~DR̄!
D T̄i 21,n

22T̄i ,n1
2~ T̄i ,n212T̄i ,n!

~ iDw!2
50. ~50!

At the surface defined by

R̄5R1
L/a, ~51!
e
-

-

i has its minimum valuei. On this surface the temperatur
gradient may be obtained from the assumption that the t
heat flux through the liquid bulk phase is constant@3#:

S ]

]R̄
T̄D

i, j

52
Q̄ILAI

2pakL~iDR̄!2TNI
L ~12coswmax!

~52!

and Eq.~36! must be replaced by Eq.~52!. Then Eq.~52!
may be solved with Eqs.~35!, ~37!, and ~38! for 1< j <n
21 to obtain

2~ T̄i11,j2T̄i, j !2
Q̄ILAI

2pakLi2TNI
L ~12coswmax!

3S 2iDR̄2a

~iDR̄!2
2

2

DR̄
D 2

2T̄i, j

~iDw!2

1S 1

~iDw!2
1

cot~ j Dw!

2i2Dw
D T̄i, j 11

1S 1

~iDw!2
2

cot~ j Dw!

2i2Dw
D T̄i, j 2150. ~53!

At the position on the funnel wall where

R̄5~R1
L/a!, w5wmax ~54!

the indices have the values

i 5i, j 5n

and the temperature gradient in thew direction is zero,

S ]

]~R̄w!
T̄D

i,n

50. ~55!

At this position, in theR direction

S ]

]R̄
T̄D

i,n

52
Q̄ILAI

2pakL~iDR̄!2TNI
L ~12coswmax!

.

~56!

If Eqs. ~36! and~37! are replaced by Eqs.~56! and~55!, then
for i 5i and j 5n one finds

2~ T̄i11,n2T̄i,n!2
Q̄ILAI

2pakLi2TNI
L ~12coswmax!

3S 2iDR̄2a

~iDR̄!2
2

2

DR̄
D 1

2~ T̄i,n212T̄i,n!

~iDw!2
50.

~57!

To establish the boundary condition at the interface, i
assumed that the interface may be approximated as sphe
( i 5m) and that the temperature gradient obeys the sa
formula as that given in Eq.~52!,
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S ]

]R̄
T̄D

m, j

52
aQ̄IL

kLTNI
L

. ~58!

If Eq. ~35! is replaced by Eq.~58!, then for i 5m and 1< j
<n21 one finds

2~ T̄m21,j2T̄m, j !2
aQ̄IL

kLTNI
L S 2mDR̄2a

m2 12DR̄D
2

2T̄m, j

~mDw!2 1S 1

~mDw!2 1
cot~ j Dw!

2m2Dw D T̄m, j 11

1S 1

~mDw!22
cot~ j Dw!

2m2Dw D T̄m, j 2150. ~59!

At the interface and on the funnel wall (i 5m and j 5n), the
temperature gradient in thew direction through the wall is
zero,

S ]

]~R̄w!
T̄D

m,n

50, ~60!

and

S ]

]R̄
T̄D

m,n

52
aQ̄IL

kLTNI
L

. ~61!

For i 5m and j 5n one has

2~ T̄m21,n2T̄m,n!2
aQ̄IL

kLTNI
L S 2mDR̄2a

m2 12DR̄D
1

2~ T̄m,n212T̄m,n!

~mDw!2 50. ~62!

To calculate the temperature field in the liquid phase,
temperature expressions given in Eqs.~44!, ~48!, ~50!, ~53!,
~57!, ~59!, and ~62! may be used. For thesem2i1n11
equations, there arem2i1n13 unknowns. The number o
unknowns may be reduced to the number of equations
noting that the temperatureT(i,0) at the position (R1

L,0) is
measured in the experimental procedure and by hypothe
ing a value of the temperature at the interface in the liq
T(m,0).

Once the values of these temperatures have been i
duced, the calculation may be performed. The number
nodals form andn is set to 12 and 4, respectively~the num-
ber of nodal form may be adjusted61 if the position ofi is
not at the same position where a temperature was measu!.
The assumed value ofT(m,0) may then be examined b
comparing the temperature calculated at the position (R2

L,0)
with the measured value there. If the agreement is not s
factory, the value ofT(m,0) may be adjusted and the calc
lation repeated. In the calculations reported below, the p
cedure was continued until the agreement was within 0.2
e

y

iz-
d

ro-
f

d

is-

o-
.

V. TEMPERATURE DISCONTINUITY
AT THE INTERFACE

The temperatures measured at the boundaries and us
the calculations of the temperature are listed in Table III.
the highest evaporation rate for each liquid, the calcula
temperature profiles on the center line are shown in Fig
The maximum difference between the calculated and m
sured temperature at any position is 1.0 °C.

The temperatures calculated at the interface are liste
Table II and the temperature discontinuities at the interf
for all experiments are shown in Fig. 3. Note that in ea
case the temperature was greater in the vapor than in
liquid. Also, the magnitude of the temperature discontinu
at the interface for methylcyclohexane evaporation is sligh
smaller than that for octane evaporation at the same rat
evaporation.

To examine the effect of the temperature gradient on
thermocouple reading, a second thermocouple of the s
type but of different size~81.3-mm-diam wire! was used to
measure the temperature on the center line. The tempera
discontinuity based on the measurement with the large t
mocouple is also listed in Table II. The temperature m
surements with the large thermocouple were used in the
lytical procedure described in Sec. IV to calculate t
temperature in the liquid and in the vapor at the interfa
The maximum difference in the temperature discontinu
with the differently sized thermocouples is 0.3 °C.

Of the 30 measurements of temperature on the center
only two were used in the calculation of the temperature fi
in each phase. Thus the accuracy of the calculated temp
ture field can be evaluated by comparing the measurem
made at other positions on the center line with those ca

FIG. 3. Temperature discontinuity measured across the liq
vapor interface for the experiments with two hydrocarbons wh
evaporation was occurring at the indicated rate.
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lated there. The maximum error at any position is with
1 °C ~see Table II!.

VI. PREDICTED EXPRESSION
FOR THE EVAPORATION FLUX

To predict the evaporation flux, the SRT procedure c
siders the transfer of molecules across an element of inte
cial areadA from a small volume of liquid, extentdLL and
temperatureTL, to a small volume of vapor, extentdLV and
temperatureTV. Each volume is assumed to be described
terms of the local equilibrium variables and at one instan
consist of known numbers of moleculesdNL,dNV. Thus, at
one instant each small volume may be treated as a cano
ensemble system. Then the uncertainty in the energy of e
volumeDEa would be given by

DEa56TaAkCV
a, a5L,V, ~63!

where k is the Boltzmann constant andCV
a is the constant

volume specific heat of phasea. The total uncertainty in the
energyDE is the sum ofDEL andDEV.

The probability of a change in the molecular configurati
at any instant in the perioddt from a particular molecular
distribution to a molecular distribution in which one mo
ecule has been transferred to the vapor volume can be
tained from the first-order perturbation analysis. The expr
sion for this transition probability can be used to obtain
expression for the evaporation fluxj @2# provided

dLa

va j
@dt@

2p\

DEL1DEV , ~64!

where\ is the Planck constant divided by 2p and the specific
volumeva of phasea. One finds

j 5
hP`~TL!

A2pmkTL S exp
DS

k
2exp

2DS

k D , ~65!

whereP`(TL) is the saturation pressure corresponding to
temperatureTL, m is the mass of the molecule, and since t
vapor has been assumed to be an ideal gash is given by

h5expS v`
L

kTL @Pe
L2P`~TL!# D . ~66!

If the pressure of the liquid phase is not too different fro
the saturation vapor pressure, i.e., if

kLuPL2P`~TL!u!1, ~67!

wherekL is the isothermal compressibility of the liquid, th
phase may be approximated as slightly compressible. T
its chemical potential is given by

m~T,P!5m@TL,P`~TL!#1v`
L @P2P`~TL!#. ~68!

If R1 andR2 are the radii of curvature of the surface eleme
dA, the value ofPe

L is determined by solving iteratively
-
a-

n
o

cal
ch

b-
s-
e

e

en

t

Pe
L2gLVS 1

R1
1

1

R2
D5P`~TL!expF v`

L

kTL @Pe
L2P`~TL!#G .

~69!

The change in entropy that results from one molecule tra
ferring from the liquid to the vaporDS is given by

DS5S mL

TL 2
mV

TV D1hVS 1

TV2
1

TLD . ~70!

If Boltzmann statistics are used and the Born-Oppenhei
approximation introduced, then the expression for the
thalpy per molecule of the vapor is given by@8#

hV54kTV2De1k(
l 51

n8 U l

2
1k(

l 51

n8 U l

exp~U l /TV!21
,

~71!

wheren8 is the number of vibrational degrees of freedo
Also, the expression for the chemical potential is given b

mV~T,P!

T
52k lnF S m

2p\2D 3/2 ~kT!5/2

P G2k ln~qvibqrotqelec!.

~72!

The electronic partition function is given by

qelec5ge expS De

kTD , ~73!

where ge and De are the degeneracy of the state and
reference potential minimum. The vibrational and the ro
tional partition functions for the ideal polyatomic molecul
may be expressed

qvib5)
l 51

n8 exp~2U l /2T!

12exp~2U l /T!
~74!

and

qrot5S 2kT

\2 D 1.5 ~pI !0.5

ss
, ~75!

whereU l is a characteristic temperature for vibration,I is the
product of principal moments of inertia of the molecule, a
ss the symmetry factor of the vibration orientation. At th
saturation condition, the chemical potential of the liquid a
vapor phases are equal:

mL@TL,P`~TL!#5mV@TL,P`~TL!#. ~76!

Thus from Eq.~72!

mV@TL,P`~TL!#

TL 52k lnF S m

2p\2D 3/2 ~kTL!5/2

P`~TL! G
2k ln@qvib~TL!qrot~TL!qelec~TL!#

~77!

and from Eqs.~68!, ~72!, and~77!
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mL~TL,PL!

TL 2
mV~TV,PV!

TV

5
v`

L

TL FPV1gLVS 1

R1
1

1

R2
D2P`~TL!G

2DeS 1

TL2
1

TVD1k lnF S TV

TL D 5/2S P`~TL!

PV D G
1k lnS qrot~TV!qvib~TV!

qrot~TL!qvib~TL! D . ~78!

After substituting Eqs.~71! and ~78! into Eq. ~70! one finds

DS

k
54S 12

TV

TL D1S 1

TV2
1

TLD
3(

l 51

3 S U l

2
1

U l

exp~U l /TV!21D
1 lnF S TV

TL D 5/2 P`~TL!

PV G
1

v`
L

kTL FPV1gLVS 1

R1
1

1

R2
D2P`~TL!G

1 lnS qrot~TV!qvib~TV!

qrot~TL!qvib~TL! D . ~79!

Since the vibrational and the rotational temperatures that
pear in the partition functions are not available for the h
drocarbons, we shall investigate the possibility of neglect
changes in rotational and vibrational partition functions t
result from changing the temperature fromTL to TV. Under
this condition,DS becomes

DS

k
54S 12

TV

TL D1
v`

L

kTL FPV1gLVS 1

R1
1

1

R2
D2P`~TL!G

1 lnF S TV

TL D 5/2 P`~TL!

PV G . ~80!

Once Eqs.~66! and ~80! are substituted into Eq.~65!, one
obtains an expression for the evaporation flux that is in te
of TL, TV, PV, R1 , andR2 .

VII. EXAMINATION OF THE EXPRESSION
FOR THE EVAPORATION FLUX

The rate of evaporation was set by a computer contro
syringe pump~accuracy60.5%!, the temperatures at the in
terface are accurately predicted~see Fig. 2!, and for the hy-
drocarbon interfaces that we consider, the evaporation flu
insensitive to the radii of curvature; however, the pressur
the vapor could only be measured to 13.3 Pa. A sensiti
analysis has been performed on the SRT expression for
evaporation rate. In order for the evaporation rate to be p
dicted as accurately as it could be measured for the exp
ment with the highest evaporation rate, for octane the p
sure would have to be measured to within 0.0017 Pa and
methylcyclohexane to within 0.0026 Pa.

Thus, to examine the validity of the expression for t
evaporation flux, we shall use the expression for the flux
predict the value of the pressure in the vapor at which eva
p-
-
g
t

s

d

is
in
y
he
e-
ri-
s-
or

o
o-

ration would occur at a measured rate. Also, in making t
prediction, we assume the liquid-vapor interface will be a
proximated as spherical:

R15R25Rc . ~81!

The value ofRc and the average value ofj for each experi-
ment are given in Table I and the values ofTV andTL on the
center line are given in Table II. When these values are s
stituted into Eq.~65!, the value of the pressure for each e
periment can be predicted. The results obtained for both
drocarbons are shown in Fig. 4.

The pressure in the vapor was not measured exactly a
interface; however, the maximum Mach number in these
periments was 2.031024. Thus the effect of the vapor bulk
velocity on the pressure reading would be less than 1.0
The error for the measurement of the pressure in the vap
13.3 Pa. Thus the effect of the position at which the press
was measured would be small compared to the accurac
the measurement. Hence, to examine the validity of the S
expression for the evaporation flux, the measured pressu
the vapor may be directly compared with the predicted pr
sure on the vapor side of the interface. The measured va
of the pressures for each experiment are also shown in Fi
where they may be directly compared with the predicted v
ues.

Clearly, the measurements and the predictions are in v
close agreement. Because of the large values of the pres
in these cases, the error bars on the measured pressur
not visible. In none of the experiments with either octane
methylcyclohexane did the predicted pressure differ from

FIG. 4. Comparison of the pressure in the vapor predicted by
SRT approach and with that measured in the vapor phase. The
squares represent the experiments with octane and the open c
represent the experiments with methylcyclohexane. If there w
perfect agreement between the measurements and the predic
all points would lie on the solid 45° line. The error in the measur
pressure was613.3 Pa, but this is too small to be indicated.
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measured pressure by as much as 13.3 Pa. Thus there w
measured difference between the predictions and the m
surements for either hydrocarbon.

VIII. DISCUSSION AND CONCLUSION

The SRT expression for the evaporation flux is based
the transition probability concept. This concept can be ju
fied from a first-order perturbation analysis of the Sch¨-
dinger equation if the timedt for a molecule to make a
transition from the liquid phase to the vapor satisfies Eq.~64!
@2#. To examine the limits ondt, the extent of the smal
volume in the vapordLV will be approximated as the mea
free path and its value may be estimated from the visco
of the vapor. The value ofDEa may be calculated from Eq
~63!. The most stringent condition arises when the evapo
tion flux is the highest. Using the values of the evaporat
flux, the temperatures listed in Table I, and the values of
thermodynamic properties in Ref.@6#, one finds for octane
that

331026@dt~s21!@3310214 ~82!

and for methylcyclohexane that

231025@dt~s21!@3310214. ~83!

Thus the necessary condition for calculating the transit
probability from a first-order perturbation analysis of t
Schrödinger equation appears to be satisfied.

The sufficient condition for the validity can only be esta
lished by comparing the predictions with the measureme
In each of the five experiments with two hydrocarbons,
temperature in the vapor at the interface has been found t
greater than that in the liquid at the interface. The maxim
discontinuity in the case of octane was 4.7 °C and for me
ylcyclohexane it was 5.7 °C. When these temperatures
inserted into the SRT expression for the evaporation flux
the value of the pressure in the vapor calculated that wo
produce the observed evaporation rate, it was found in
experiments with octane and five with methylcyclohexa
that there was no measured disagreement.

The measured temperature discontinuity for these hyd
carbons is in the same direction as that found for water.
all three liquids, there is close agreement between the
dictions from the SRT expression for the liquid evaporat
rate and the measurements@2#. In the case of water, the tem
perature discontinuity is in the opposite direction to that p
dicted by classical kinetic theory. One question that arise
whether quantum mechanics plays an essential role in
predictions that are in agreement with the measureme
How the SRT expression@i.e., Eqs.~65! and ~70!# could be
derived from a classical point of view is unclear. Also, w
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note that the energy uncertainty principle plays an essen
role in its derivation. If one adopted a classical thermod
namic description of the small volume of liquid or of vapo
then since each small volume was assumed to have a kn
temperatureTa, a known volumedLadA, and known num-
ber of particlesNa, the small volume would necessarily hav
a certain energy. Thus, in the classical limit both the Plan
constant andDEa would be zero. This would mean that th
procedure for deriving the SRT expression for the evapo
tion rate from a first-order perturbation analysis of the Sch¨-
dinger equation could not be justified since the right-ha
side of Eq.~65! would become undefined~i.e., 0/0!.

If the SRT expression were available, it could not be c
rectly evaluated from a strictly classical point of view b
cause the molecules would be viewed as distinguisha
This point of view has a profound effect on the express
for the chemical potential because this function then depe
on the extensive variables rather than only intensive v
ables. For example, the chemical potential of a class
monatomic ideal gas of distinguishable particles is

mcl52kT ln@V~2pmkT!3/2#. ~84!

In this circumstance, the procedure used in Eqs.~76! and
~77! could not be used to express

mL~TL,PL!

TL 2
mV~TV,PV!

TV ~85!

in terms of the intensive properties at the interface. O
would find that this difference in chemical potentials d
pended on the sizes chosen for the small volumes and su
result would be completely nonphysical. However, it h
been known since the time of Gibbs that the expression
the chemical potential that is obtained from strictly classi
mechanics has to be ‘‘corrected’’@9#. The correction is de-
rived from quantum mechanics without special considerat
simply by taking the indistinguishability of the molecule
into account. In general, one can say that strictly class
statistical mechanics does not provide the correct dep
dence on the number of particles in the expression for
thermodynamic properties. Thus, in this sense, it appears
quantum mechanics plays a fundamental role in determin
the expression for the evaporation rate; however, it is
clear that this is the cause of the predictions of class
kinetic theory being in disagreement with the measureme
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