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Examination of the statistical rate theory expression for liquid evaporation rates
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Recent measurements of the temperature at the interface of an evaporating liquid have been found to be in
conflict with the predictions of classical kinetic theory. Under 20 different experimental conditions for water
evaporation, the temperature in the vapor at the interface was measured to be greater than that in the liquid at
the interface and this relation between the interfacial temperatures is the opposite to that predicted from
classical kinetic theory. When these same data were used to examine the statistical ratéStR&bexpres-
sion for the liquid evaporation rate, almost complete agreement was found. This theoretical approach is based
on the transition probability concept, as defined in quantum mechanics, a hypothesis that assumes the rate of
exchange between the possible quantum mechanical states of an isolated system that are within the energy
uncertainty has the same value, and the Boltzmann definition of entropy. To determine whether the SRT
expression for the evaporation rate also describes the liquid-vapor phase transition for liquids other than water,
two hydrocarbons have been examined. The agreement between the predictions from SRT and the measure-
ments is equally as good. These results raise the question of whether a quantum mechanical description is
essential to describe the condition existing at the interface of an evaporating [i§L@63-651X98)10712-3

PACS numbdrs): 68.10.Jy

I. INTRODUCTION [5]. Since the measurements and the theory both strongly

- disagree with the predictions of classical kinetic theory and
Statistical rate thfaorysRT) [1.] h_as recently begn gsed to only water had been examined experimentally, the question
develop an expression for predicting the rate of liquid evapo

~arose whether there could have been a fortuitous canceling of

ration [2]. This theoretical approach is based on the transiz ors that resulted in the close agreement between the pre-

tion probability concept, as defined in quantum mechanicsgictions and the measurements in the case of water.
and uses the Boltzmann definition of entropy to relate the T4 examine the expression for the evaporation rate under
predictions to measurable thermodynamic properties. The retifferent circumstances, the evaporation of two hydrocarbons
sult of applying this procedure was the development of ahat consist of differently shaped molecules has been studied:
complete expressiofin the sense that there were no fitting octane and methylcyclohexane. The former has a “straight
parametensfor the liquid evaporation flux. The expression is chain” structure with one methyl (C}) at each end and six
in terms of the temperature and pressure in each phase at theethylenes (Ck) in between and the latter is a spherically
phase boundary and known molecular and material propeshaped molecule with one methyl at an outside corner. At the
ties of the substance evaporating. To examine the expressiosame temperature, the hydrocarbons are more volatile than
it was used to predict the conditions under which waterwater. This has the advantage of allowing higher evaporation
evaporated at a particular rafg]; these predictions were rates to be studied, but the disadvantage of making the de-
compared with the measurements of water evaporation at 2@rmination of the temperature at the interface in each phase
different experimental conditions that had been reported imore difficult. The temperature exactly at the interface can-
Refs.[3] and[4]. The agreement was excellent and it wasnot be measured. As in the case of water, the continuum
concluded that there was no measured disagreef2ént energy equation is solved using the temperature measured at
There were, however, questions regarding the data ddifferent positions in the liquid and in the vapor phases as the
Refs.[3] and[4]. In both cases, the measurements indicatedoundary conditions and the temperature at the interface is
that during steady-state evaporation of water, the temperahen calculated from the solution of the continuum energy
ture in the vapor at the interface wgeeaterthan that in the  equation. For the hydrocarbons in contrast with water, the
liquid at the interface. This measured temperature discontieonvective effects in the liquid cannot be neglected and a
nuity is in the oppositedirection and its magnitude much numerical procedure must be used to determine the tempera-
larger, up to 7.8 °@3], than that predicted from solutions of ture at the interface in each phase.
several different models of the Boltzmann equation. These We find in each of five experimental circumstances with
solutions were obtained from different boundary conditionseach liquid that at the interface, the temperature in the vapor
is greater than the temperature in the liquid. Once these tem-
peratures have been determined, they are used in the SRT
*Present address: Trojan Technologies, Inc., 3020 Gore Roagxpression for the evaporation rate to predict the pressure in

London, Ontario, Canada N5V 4T7. the vapor at which a particular evaporation rate is expected.
TAuthor to whom correspondence should be addressed. FAX: 416Fhis predicted pressure can then be critically compared with
978-7322. Electronic address: ward@mie.utoronto.ca that measured when the liquid is evaporating at that rate.
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Manometer Moveable TC obtained in the previous experiments with water. To deter-
— Vapor-Out mine the temperature at the interface, it is necessary to cal-
/ . culate the temperature profile.
| Ill. INTERFACE AREA
. 1 TC To calculate the total energy flux into the liquid phase, the
Vapor (29, Tw2) area of the interface is required. The interface is assumed
k-0) T TC axisymmetric and following the procedure developed in Ref.
(23, Iy3) [4], the area may be predicted from the measured height of
TC the interface on the center lirreand the measured radius of
(2, tw1) the funnel at the point where the liquid-vapor interface inter-

sects the funndd. If the radius of curvature on the center line
of the axisymmetric surface is denoted By, then the co-
ordinates of a point on the interface,z; may be expressed
as a function of the turning angl¢ [4],

?Liquid-ln cos¢ dé

FIG. 1. Schematic diagram of the experimental apparatus. TC E+ W)((a_zi)_ T )

denotes thermocouple. ¢ :
and
Il. EXPERIMENTAL PROCEDURES
—sin¢ d

A schematic of the evaporation chamber used is shown in dz= 5 T ¢ . , 2
Fig. 1. The apparatus and experimental procedure is de- Z 4 (ﬂ) ( (a—z)— sin ¢>
scribed in detail in Ref[3]. Briefly, each liquid was pumped Re |\ MY ' ri

into the evaporation chamber at a constant rate with an infu- »

sion pump(0.5% accuracy over a liquid flow rate range With the boundary conditions

0.48-8.82 I/l The liquid-vapor interface was visible from r(0)=0 3
outside and the pressure in the chamber was adjusted until :
the liquid-vapor interface was observed with a cathetometeg
to be unmovingaccuracy+10 um) for a period of 2 h. The
temperature of each liquid entering the chamber was main- z(0)=a, 4)
tained at 26 °C with the heat exchanger indicated in Fig. 1.

Once a steady state had been reached, the temperatwberey" is the surface tensiop- the density of the liquid,
was measured with the three fixed thermocouples indicatednd g the gravitational intensity. Equatiori$) and(2) con-
in Fig. 1 and also on the center line at two positions in eachain the unknowrR. . The independent variable of( ¢) and
phase with two differently sized thermocouples. With thez(¢), ¢, has a limited range
small thermocouplé25.4-um-diam wire the temperature in
the vapor was measured approximately 2% from the in- O<¢=<0-¢, ®)
terface. When the temperature measurements were repeateﬂ .
approximatey 1 h after they were first made, the maximum where the contact angle is denotedéeand the angle of the
deviation in the temperature readings at any position was 0.8°"€ @ At dmax, ri(4) andzi(4) may be evaluated:

K. The temperatures measured by the fixed thermocouples N —
ome r(6=0)=b (6)
and by the movable thermocouple at two positions in each
phase served as the boundary conditions for calculating thgnd
temperature field by the procedure described in Sec. lll.

The liquids examined, octane (Aldrigh 99+%, water z(60—¢)=a—Db tan?). (7)
less than 0.005%, evaporation residue less than 0.0003%
and methylcyclohexane (Aldri€h 99+%, water less than A numerical procedure is given in R¢#] for calculating
0.005%, evaporation residue less than 0.00Q5%ere de- ¢ andR. from the measured values bf ¢, anda. For all of
gassed before they were used, but they were not otherwigbe experiments, the value bfwas 3.05 mm and was 50°.
purified. The conditions existing in the chamber were meafor each of our experiments, the measured value of
sured when each liquid was evaporating at one of five difgiven in Table I. The values dR. and # were constant in
ferent rates. A summary of the experimental results is showeach experiment. Thus an iterative procedure could be used
in Table I. The temperatures measured on the center lint® determine their values. The valueRf was assumed first
with the small thermocouple for the highest evaporation raténd Eqg.(2) integrated over¢ until z; reached the value
of each liquid are shown in Fig. 2. a—b tan((). Since the argument & at this point was equal

Nearthe interface, the measured temperature in the vapdo 6— ¢, the value ofé could be determined. Then E(L)
was higher than that in the liquid for all of the experimentscould be integrated until; had reached the vall® at which
with these hydrocarbons. This is consistent with the resultpoint its argument had the value-{. Thus a second value
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TABLE I. Summary of the evaporation experiments with hydrocarbons.

TemperaturéTy,s  Temperaturel, Radius
measured in the  measured in the Height of the
Total vapor near liquid near the of the interface
liquid Pressure the interface interface at Average interface at the
evaporation  in the at (2, 0?2 (Rs, 02 evaporation  at the center
rate vapor (+deviation® (*deviation flux j centera R.
(ulh) (Pa 0 (°0) (@m=?s™h (mm) (mm)
440 686.6 (6.03, 0 (5.93,0 1.064 5.97 5.69
11.9+0.0 8.8:0.2
475 2950.4 (5.96, 0 (5.81,0 1.279 5.91 5.20
13.4+0.2 10.9:0.2
490! 2037.2 (5.71, 0 (5.51,0 1.505 5.68 5.19
7.2+0.2 4.2£0.2
51¢°F 530.6 (5.88,0 (5.73,0 1.305 5.87 5.09
8.4x0.1 5.0+0.1
550¢° 481.3 (5.85,0 (570, 0 1.436 5.84 5.13
6.8=0.0 3.2:0.0
585 1146.6 (5.31, 0 (5.16, 0 2.328 5.2 5.12
—1.4+0.1 —5.8+0.1
600" 1319.9 (5.21,0 (5.06, 0 2.402 5.12 5.72
0.7£0.1 —-3.4%0.1
63C° 350.6 (5.66, 0 (5.56, 0 1.823 5.64 5.39
3.8£0.2 0.1+0.1
675 318.6 (5.68, 0 (56.53,0 1.929 5.66 5.67
2.9x0.1 —1.7+0.1
735! 686.6 (4.86, 0 4.71, 0 2.912 4.83 4.50
—7.3x0.1 —12.3+0.1

&The unit of position used in the parentheses is mm.

b« + deviation” is the difference in the value of the temperatures from the mean mean measured one apart.
‘Experiment with octane when the temperature of liquid entering the evaporation chamber was 26 °C.
dMethylcyclohexane experiment when the temperature of liquid entering the evaporation chamber was 26 °C.

of # could be determined. If the two values éfdid not IV. TEMPERATURE PROFILES
agree, then a new value B, was assumed and the process . .
repeated. To assess the accuracy of the predicted area of t eFor_these two hydro_carbons, the material propertle_s are
interface, the calculated interface shdag(a),r($)] may ound in Ref.[6], which include the latent heat of vaporiza-

be compared with the image captured by a charge couple%)on’ the densities of the saturation liquid and vapor, the satu-

device camera. After the interface shape has been obtaing®tion pressure, the viscosities of the liquid and the vapor,
the surface area may be calculated from the surface tension, the thermal conductivities of the liquid
and the vapor, and the specific heat at constant pressure.
However, the molecular properties of these hydrocarbons,
0-¢ 20 . . . . .
A= . i : do. (8) such as their quantum mechanical vibrational and rotational
0 2 p 9)((a 2) sin ¢) characteristics, are not available.
v —Z)—
Y

R_c ri

+

For each experiment the calculated valudpfis listed in A. Temperature field in the vapor

Table | and the value o4, in Table Il. Then the average heat ~ Since the maximum Mach number in the highest evapo-

flux from the vapor phase to the interface may be expressexition experiments was 23104, the assumptions and the
procedures for calculating the temperature profile in the va-
por phase are the same as those described in RHfand

de, (9) [4]. The procedure is briefly described here. If the tempera-
ture nearest the interface in the liquid phase is denoted as

~ 2w fH = (V-]
Thi» we take as the definition of nondimensional tempera-

VTR o 2 (de)[. sné
R. :
tureT,

Yy Fi
wheren, is the unit normal vector of the interface. The value

of 6,\, is used to determine one of the boundary conditions T= LLT(ZZO)
for the temperature field in the liquid. L

(10
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V,, —
u=— 13
295} PUTTRE (13
<
® 290 and P, may then be expressed
=
- Interface
S J—
é‘ 285} jAcy 14
L e: R V-
& 280} oK
Liquid Vapor For each experiment, the value®f may be calculated from
275 Eq. (14) using the value$6] of ¢, , ", the results listed in
Table II, and the value dRy, which is equal to 9.5 mrf3].
210 5 o 15 20 25 If the temperatures measured at the positions,0),
(z5,rw2), and (24,r,1) indicated in Fig. 1 are denoted as
Tm1, Tmz, andTy 3 andTy is a value of the nondimensional
& 290 temperature that is assigned to the positisnd), then fol-
@ lowing the procedure of Ref3], we assume that the tem-
*E Interface perature at the upper boundary of the vapor may be approxi-
g 280 mated as
g
- T(Zo =Ty +T2(Ty—Tu) (15
270}Liquid Vapor
and at the bottom as
260 — - = =
5 10 15 20 25 T(z1,1)=To+r(Tmz—To). (16)

Position (mm) As the boundary condition on the lateral surface of the vapor,

we assume
FIG. 2. Temperature profiles on the center line. The solid curve

is the calculated temperature profile and the solid dots are the mea-
; Al Tine indi " aT Nu —
sured temperatures. The solid vertical line indicates the position of - =— Tz (17)
the interface.(@) Experiment with octane at a 67&h liquid ar)—, 2 ”
evaporation rate(b) Experiment with methylcyclohexane at a 735-

w/h liquid evaporation rate. where Nu is the Nusselt number and may be expressed in

terms of the heat transfer coefficieht Nu=2Rgh/«".
Then the axisymmetric, steady-state continuum energy equ#ollowing Refs.[3,4], the values of Nu and, are assigned
tion in cylindrical coordinate¢z,r) may be written in terms by the procedure described below. For each experiment, we
of the nondimensional temperature take Nu to be constant, but the value unknown for present.
Then the solution to the energy equation may be written in

P 14 5 7 terms of Bessel functions and after requiring the solution to
- T - be bounded on the axis, one finds
— | ==— -— + = ’
Pe T =T (r Gtz (1
T— myz. myz)
where the position coordinates have been nondimensional- —20 (N, e+ M, e72%) Jo( ). (18)

ized with respect to the radius of the evaporation char®ger

and the Pelet number Pe is given by whereJy(q,r) is the zeroth-order Bessel function of the first

kind. After applying the boundary condition given in Egs.

(15—(17), one finds that the separation constant is given by
\% \Y
p URNC,
Pe= —~—, (12
« g Nudo() 19
. 2J31(ay)
where pV is the density of the vapow is the fluid speed
which we approximate as uniform, ang and «¥ are the and
constant pressure specific heat and the thermal conductivity
of the vapor. The produgt'u is the mass flux and it may be Pe— P&+ 4qf Pet P&+ 4qf
written in terms of the average evaporation fjuxSince the M= 2 v M= 2 (20

area of the liquid-vapor interfacd, is different from the

cross-sectional area of the evaporation chantbee Fig. 1,

and after taking advantage of the orthogonality properties of
the mass flux is given by

the Bessel functions
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TABLE Il. Values of Ny and?os, maximum error of the calculation, and the temperature discontinuity across the interface.

Temperature on Temperature on

the vapor the liquid Maximum Temp Temp
side of the side of the Maximum difference difference difference
interface interface difference of measured across across
Total Values on the on the of measured and calculated interface interface
liquid of center center and calculated temperature on the obtained obtained
evaporation Nug line? line? Interface temperature on the chamber with with
rate ind (*deviation (*deviation areaA center line wall 25-um TCs 81-um TCs
(ul/h) Tos (°C) 0 (107° m?) (0 (°0) (0 (°0)
440 17.04, 11.7 8.6 8.17 0.6 0.4 3*D.2 3.3:0.2
—-0.087 +0.1 +0.1
475 18.44, 13.2 10.7 8.023 0.8 0.3 2B.5 2.5:0.2
-0.073 +0.2 +0.3
490° 17.07, 7.0 3.7 7.091 1.0 0.4 3*D.3 3.2£0.2
-0.113 +0.2 +0.1
510° 16.74, 8.3 4.6 7.76 0.6 0.6 30.2 3.8:0.1
—0.103 +0.1 +0.1
550 17.07, 6.8 2.9 7.62 0.6 0.4 392  4.1+03
-0.114 +0.1 +0.1
585° 16.83, -2.1 -5.9 5.529 1.0 0.6 390.1 4.1+0.3
-0.142 +0.0 +0.1
600° 17.00, 0.1 -3.5 5.479 0.9 0.5 360.2 3.8:0.3
-0.137 +0.1 +0.1
630° 17.35, 3.7 -1.1 6.91 0.8 0.5 4704 5.0:0.2
-0.127 +0.2 +0.2
675 16.95, 2.8 -21 7.00 0.6 0.6 490.2 5.1+0.3
-0.134 +0.1 +0.1
735 17.07, -7.5 -13.3 4.452 1.0 0.6 570.4 5.9-0.2
—0.165 +0.1 +0.3

aTemperature calculated at the interface.
PExperiment with octane when the temperature of liquid entering the evaporation chamber was 26 °C.
‘Methylcyclohexane experiment when the temperature of liquid entering the evaporation chamber was 26 °C.

_ 1 _ _ 1
e | Tz Na(andre ™ | Tz e ndr
0 0

a [32(qy) + 33(qy) 1™ 22— g(mi-maiz)

(21)

and =1,...,5, then a measure of the error between the calculated
temperature and the measured temperature at these points is

_ 1 _
2e ™% | FT(Z, (01107
0

5
M, = N e(mlimZ)?Z' E= ? _? . 2. 23

' E{ENENICN i 2 2 (Tei=Twy) @3
22

Since the calculated temperature depends‘l_'@rand Nu as

of Nu andT. and explicitly onP,. To determine the values parameters, the best values to choose _fo_r these parameters
0 e’ would be those values that give the minimum error. This

of N, andM, , we will use the measured evaporation flux .
. : requires
and the temperatures measured in the vapor at five posi-

tions: Ty1, Tma,---.Tws listed in Table Ill. As indicated in (

The values oN, andM, depend implicitly on the values

Fig. 1, T4 is the temperature measured 23 ,f,3) and?Ms
is the temperature measured with the movable thermocouple
at the position #,0). If the nondimensional temperature cal-

culated at each of these positions is denoted?gﬁ, i and

B =0 (24)

To=Tog -Nu=Nug

JE
0 Nu
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TABLE lll. Temperatures measured a@L used in the boundary conditions.

Liquid
evaporation  Positior? (z,0) Positiorf (z,1) Positiorf (z,1) Positiorf (z,1) - Positiorf (R},0)
rate and temperaturd@y; and temperatur@,,, and temperatur&,,; and temperatur@,, Qi and temperaturé’i
(ul/h) ) ) 0 0 (W/m?) (0
440 (22.53, 0 (22.41, 8.13 (15.88, 8.13 (3.48, 8.13 3334 (4.03,0
25.7+0.1 26.4:0.1 25.5:0.1 25.0:0.1 +0.2 9.6:0.1
475 (22.46, 0 (22.41, 8.13 (15.88, 8.13 (3.48, 8.13 4215 (4.46, 0
25.1+0.1 25.5£0.1 24.8-0.1 24.1+0.1 +1.1 11.4+0.3
490° (2251, 0 (22.41, 8.13 (15.88, 8.13 (3.48, 8.13 481.9 (4.01,0
26.0+0.1 26.6-0.0 25.8:0.1 25.0:0.0 *14 6.1+0.1
510° (22.53, 0 (22.41, 8.13 (15.88, 8.13 (3.48, 8.13 414.2 (4.03,0
25.1+0.1 25.9-0.1 25.0:0.1 24.4:0.1 +0.2 5.9+0.0
550 (22.50, 0 (22.41, 8.13 (15.88, 8.13 (3.48, 8.13 457.0 (4.50, 0
25.3+0.0 26.2-0.1 25.2:0.1 24.5:0.1 +0.0 4.8+0.0
585° (22.56, 0 (22.41, 8.13 (15.88, 8.13 (3.48, 8.13 768.2 (4.06, 0
24.0+0.0 24.9:0.0 23.8:0.0 23.1:0.1 +1.1 -3.2+0.1
600 (22.56, 0 (22.41, 8.13 (15.88, 8.13 (3.48, 8.13 797.3 (4.06, 0
26.2+0.1 27.0:0.0 25.9:0.0 25.0:0.1 *15 0.1+0.1
630° (22.56, 0 (22.41, 8.13 (15.88, 8.13 (3.48, 8.13 593.6 (3.56, 0
25.4+0.0 26.3:-0.0 25.2:0.1 24.4:0.1 +0.3 1.1+0.1
678 (22.53, 0 (22.41, 8.13 (15.88, 8.13 (3.48, 8.13 632.4 (4.03,0
25.4+0.1 26.5-0.1 25.3:0.1 24.4-0.0 +0.6 —0.5+0.0
735 (22.46, 0 (22.41, 8.13 (15.88, 8.13 (3.48, 8.13 970.7¢ (3.46, 0
25.0+0.1 26.0:0.0 24.70.1 23.8:0.1 1.2 -7.7+0.1

&The unit of position used in the parentheses is mm.
PExperiment with octane when the temperature of liquid entering the evaporation chamber was 26 °C.
‘Methylcyclohexane experiment when the temperature of liquid entering the evaporation chamber was 26 °C.

JE _ PCpJA
(?)_ B =0. (29) 4 2amkt(1—CoS @rmy) | @7
ITo To=Tog .Nu=Nug -
. . : . P(jA|)3
Using the numerical procedure described in R4f, the B'=—c—=T = (28)
value of theP, from Eg.(14) and the measured values of the 427 k- (1—COS Pmax) " Ty

temperatures at the five positiogs to obtﬁ,ﬂj , j=1,...,5
listed in Table I, the values oT; and Nu may be deter-

mined from Egs.(24) and (25). The values ofT, and Nu pgiA,
obtained for each experiment are listed in Table Il. Once the . T T
27k (1—COS @may TN

values ofTO and Nu have been determined, they may be used

.totcilcuIaQ_te the heat flux from the vapor to the I|qwd—vaporwherej—iS the measured evaporation flu is the thermal
interfaceQy, .

conductivity of the liquid, andp,4« is the polar angle of the

glass funnel. For the hydrocarbon experiments we consider,

B'<10 Y and9=<10"°; thusB'R~° and 9 cose are neg-
Spherical coordinatesRt, ¢, w) are used to calculate the ligible; however, the value of is on the order of 0.20 and

temperature field in the liquid. The axisymmetric energymust be retained:

equation in nondimensional form is

(29

B. Expressions for the temperature in the liquid

_ #T (2R—a) 9 — 1 [T 9
—, T g — 1 9. J — —t——=— =T+ | *cote —T/|=0.
R°—+(2R-a) =T+ ——|sing —T IR? RZ GR R*\de de
IR? gR  Sing do de (30)
= —B’ﬁfS— ¥ cos o, (26) Conservation of energy may be applied at the liquid-vapor

o interface to determine the boundary conditions. Since only
whereT is the ratio of the temperature in the liquid to the  the average evaporation flux has been measured, we take an
temperature measured near the interfﬁhe, the nondimen- average of the energy flux over the interface. The average

sional radiusR is the ratio ofR" to a, energy flux from the vapor side to the interfa@a\, is deter-
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mined from Eq.(9). As in the case of water, the value of the . L PR
average energy flux at the interface in the liquid ph@ge Ti,jlzTi,j_(RA(P)< — T)
may be determined from the measured evaporation jflux J(Re)

i

Qu=i(hV=hH—-Qy, (31)

RA@)? [ 0T
L (Ra9) ( - ) . (39)
2 I(Re)? i
whereh is the enthalpy. We shall approximate the difference

betweerhY andh' as the latent heat of vaporizatian, . . .
Because the liquid phase is inside the glass funnel and thveve multiply both sides of Eq¢35)—~(38) by A, B, G andD,

funnel is inside the double-walled evaporation chamber, Wrespec_tively,_ add the Fesu'“”g exprf-:-ss.ions, and collect the
again neglect the heat flux through the wall of the funnel. erms involving derivatives on one side:
Thus the total heat flux averaged over a radial cross section
in the liquid phase will be approximately constant through-
out the liquid phase in a steady state.

To solve Eq(30), a finite difference proceduf&] will be
applied. In the finite difference procedure, the radial variable

AT =Ti)+B(Tioy—Ti))

+C(?i,j+1_?i,j)+ D(?i,jﬂ_?i,j)

R and the azimuthal angle in spherical coordinates at a [ 9 —
nodal point(i,j) are given by =(A—B)(AR)(§—ET
i
R=iAR, i=¢,...m (32 (Aﬁ)z ( 32?)
+(A+B) e
and JIR? g
e=jAe, j=0,1,..n, (33 +(C—D)(§A<p) . T)

- d(Re) /4,
where (AR is the distance corresponding to the position of '
R& . The positior’Rk is the position on the center line deepest (ﬁA @)? g
in the liquid where the temperature was measured. The tem- +(C+D) JRe)?) (39

¢ i

perature at a pointi,j) may be expressed

T(R@)|ij=T(IARjA@)=T;;. (34  The side with the derivative terms represents B§). By
comparing the coefficients of EB9) with those of Eq(30),
The temperatures at the neighboring nodal points surroundbe four coefficientsA, B, G andD may be determined:
ing the point(i,j) (five-point formula are expressed by ap-
plying a Taylor series afi,j) and neglecting the terms con-

taining third- or higher-order derivatives: A= 1_ +2iA§:a, (40)
(AR)? 2i?%(AR)®
S _[ 9=\ (AR? [T
Tij=Tij+(AR)| =T| + 5 = B
R IR 1 2iAR-a
(35) B=—— —, (41)
(AR)? 2i%(AR)®
T 4y=T, (Aﬁ)( 3?) +(A§)2(&2?>
i-1j= li,j— —_— —_— | 1 Cot(jA
R |2 R C=—x—-+ _I(]_ o) ; (42)
(36) (iARA@)?2 2(iAR)’A¢
_ - — and
Tij+1=Tij T (RA@)| ——T
dRe) /;
1 cot(jA¢)
(RAg)2 [ T D= (43)
+ — , (37) (iIARA@)? 2(iAR)?A¢
2 \daRe)?/

ThenA, B, G andD are substituted into Eq39) and one
and finds forc+1<i=m-1 and I=xj<n-1
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2IAR—a | — 2iIAR—a | —
I+t ———— Tyt | 1= ———— | Tiy;

2i2(AR) 2i2(AR)

— 2Ty, 1 cot(jAg) | —
—2Tij—— ]2 ( — St ) i+l
(iAg) (iAe) 2i“A¢
1 cot(jAg) | —
(iA@)?>  2i%A¢ '
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i has its minimum value. On this surface the temperature
gradient may be obtained from the assumption that the total
heat flux through the liquid bulk phase is constgsit

(i?) _ QLA
IR N 2mak"(LAR)2TK,(1—COS @may

(52

and Eq.(36) must be replaced by E¢52). Then Eq.(52)
may be solved with Eq35), (37), and (38) for 1<j<n
—1 to obtain

To examine the error of the finite difference procedure, we

will compare the calculated temperature profile with the tem-

perature measured on the center line.
On the central line =0 andj=0), one has

, g —\ T
lim{cote — T |=—. (45

60 de de

Substituting Eq(45) into Eqg. (30), one finds

— | —|=o0. (46)

#T (2R—a) 9 — 2 (az?)
————T7

IR? RZ 9gR R2\d¢

Since the temperature profile was assumed to be axially sy

metric,

Ti-1=Ti1. 47)

Following the same procedure, E@6) may be written for

j=0and:+1<i=m-—1,

2iIAR—a|— 2iIAR—a | —
I+ ——— | Titot| 1-——— | Ti-10
2i%(AR) 2i%(AR)

(48)

On the wall of the glass funnely= ¢,ax andj=n), the
energy transfer through the wall is negligible and one has

( i ?) =0. (49)
d(Re) /.

If Eq. (49) is used to replace Eq37), then forj=n and.
+1<i=m-—1, the energy equation becomes

2iAR—a|— 2iAR—a | —
It ———— | Tisgpt | 1= ——— | Ti-1n
2i%(AR)

2i%(AR)
— 2ATin1—T,
—oTy ot 2t Tin) - ) o, (50)
(iAg)
At the surface defined by
R=RY/a, (59

QuA,
2(TL+1,j _TL,j) -

2makt®TR,(1—COS @may

(2LA§—a 2) 2T,
>< _— _

(tLAR)2 AR/ (tA@)?
N 1 cot(jAg) |\ —
(tAgp)? 2.2A¢ Lt
1 cot(jA —
LA Lae

MKt the position on the funnel wall where

R= (R&/a), P = @max (54

the indices have the values

and the temperature gradient in thealirection is zero,

J  —
—T| =0. (55
dRe) | .
At this position, in theR direction
_ QLA
(—_T) _ _QIL | .
R |, . 2max (eAR)?Ty (1-C0S ora
(56)

If Egs. (36) and(37) are replaced by Eq$56) and(55), then
for i=¢ andj=n one finds

QLA

2(Tii1n=Ton)—
TR o rakt 2T (1 c0S @may

(ZLAE—Q 2) Z(i,nfl_f,n)
N =2 =
(1AR)2 AR (tAg)

(57

To establish the boundary condition at the interface, it is
assumed that the interface may be approximated as spherical
(i=m) and that the temperature gradient obeys the same
formula as that given in Eq52),
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- 7
J — a
( - T) =- LQILL : (58
JR . kTR
m,] 64
. . . 3) o
If Eq. (35) is replaced by Eq(58), then fori=m and 1<]j <
<n-1 one finds 2 5
‘E O
_ _ £ e}
2(Tm-1j=Tmj)— KCTE, mZ T2AR 2 47 o |
! o o
2T, . 1 cotjhe) £ o
-t 2t 52 : mj+1 T 3 °©
(mAg)® | (mAg)®  2mAe¢ ‘ E_
a
1 cotfjAg)|— g
| mae?” 2miag | Tmi-1=0: (59 = 2
At the interface and on the funnel wall{ m andj=n), the 1
temperature gradient in the direction through the wall is O AT(°C), octane
zero, 0 AT(°C), methycyclohexane
0 -+rr——r——rrrr—r
( J ?) 0 (60 0.0 1.0 2.0 3.0
— =0, . 2.1
d(Ro) Rate of evaporation (g m™~ s™*)

m,n
FIG. 3. Temperature discontinuity measured across the liquid-

and vapor interface for the experiments with two hydrocarbons when
evaporation was occurring at the indicated rate.

J — aQ,
=T =- LQ'LL _ (62) V. TEMPERATURE DISCONTINUITY
R | K-TR AT THE INTERFACE

The temperatures measured at the boundaries and used in
the calculations of the temperature are listed in Table IIl. At
the highest evaporation rate for each liquid, the calculated

Fori=m andj=n one has

_ _ aQ, [2mAR-« _ temperature profiles on the center line are shown in Fig. 2.
2(Tm-1n=Tmn) — e o) +2AR The maximum difference between the calculated and mea-
KNI sured temperature at any position is 1.0 °C.

2(?m n_l_?m ) The temperatures calculated_ at thg in'gerface are listed in
W=O. (62)  Table Il and the temperature discontinuities at the interface

for all experiments are shown in Fig. 3. Note that in each
case the temperature was greater in the vapor than in the
To calculate the temperature field in the liquid phase, thgiquid. Also, the magnitude of the temperature discontinuity
temperature expressions given in EG8), (48), (50), (53),  at the interface for methylcyclohexane evaporation is slightly
(57), (59), and (62) may be used. For thesa—:+n+1  gmaller than that for octane evaporation at the same rate of
equations, there an@—.+n+3 unknowns. The number of eyaporation.
unknowns may be reduced to the number of equations by To examine the effect of the temperature gradient on the
noting that the temperatufg(:,0) at the position R;,0) is  thermocouple reading, a second thermocouple of the same
measured in the experimental procedure and by hypothesizype but of different siz&81.3.um-diam wire was used to
ing a value of the temperature at the interface in the liquidmeasure the temperature on the center line. The temperature
T(m,0). discontinuity based on the measurement with the large ther-
Once the values of these temperatures have been intreaocouple is also listed in Table Il. The temperature mea-
duced, the calculation may be performed. The number ofurements with the large thermocouple were used in the ana-
nodals formandn is set to 12 and 4, respectivelthe num-  lytical procedure described in Sec. IV to calculate the
ber of nodal form may be adjusted-1 if the position ofcis  temperature in the liquid and in the vapor at the interface.
not at the same position where a temperature was megsuredhe maximum difference in the temperature discontinuity
The assumed value of(m,0) may then be examined by with the differently sized thermocouples is 0.3 °C.
comparing the temperature calculated at the positl‘@lpC() Of the 30 measurements of temperature on the center line,
with the measured value there. If the agreement is not satignly two were used in the calculation of the temperature field
factory, the value off (m,0) may be adjusted and the calcu- in each phase. Thus the accuracy of the calculated tempera-
lation repeated. In the calculations reported below, the proture field can be evaluated by comparing the measurements
cedure was continued until the agreement was within 0.2 Kmade at other positions on the center line with those calcu-
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lated there. The maximum error at any position is within

1 °C (see Table ). Pe— 7|5+

L
_ Px(TL)ex%% [PL— Px(TL)]}.
(69

Ry Ry
VI. PREDICTED EXPRESSION
FOR THE EVAPORATION FLUX The change in entropy that results from one molecule trans-

) . ferring from the liquid to the vapoAS is given by
To predict the evaporation flux, the SRT procedure con-

siders the transfer of molecules across an element of interfa- utowY
cial areadA from a small volume of liquid, exterL" and AS= (?— W) +hY
temperaturél-, to a small volume of vapor, exteat.V and

V . . .
temperaturel . Each volume is assumed to be described in¢ goj;mann statistics are used and the Born-Oppenheimer

terms of the local equilibrium variables and at one instant toapproximation introduced, then the expression for the en-
consist of known numbers of moleculéslt, SNY. Thus, at thalpy per molecule of the vapor is given (8]

one instant each small volume may be treated as a canonical
ensemble system. Then the uncertainty in the energy of each !

1 1
v F) . (70)

n n’
. (s} o
volume AE“ would be given by Vo Ak TV bl S N
hV=4kT De+k|21 > +|<|§1 x0T =1"
AE“==T*kC%, a=L,V, (63) (71)

wheren’ is the number of vibrational degrees of freedom.
Also, the expression for the chemical potential is given by

( m )3/2 (kT)5/2

wherek is the Boltzmann constant arfd, is the constant

volume specific heat of phage The total uncertainty in the
energyAE is the sum ofAE- andAEY. VT P
o . : _ u(T,P)

The probability of a change in the molecular configuration ———=—k In

T -k In(qvierOIQeIec)-
at any instant in the periodt from a particular molecular

2mh? P

distribution to a molecular distribution in which one mol- (72)
ec_ule has been _transferred to the vapor volu_me can be obe electronic partition function is given by
tained from the first-order perturbation analysis. The expres-
sion for this transition probability can be used to obtain the De
expression for the evaporation fljix2] provided Jele=Je exr{m , (73
oLe 27h
> St> (64) where g, and D, are the degeneracy of the state and the

Tj AE“+AEY” reference potential minimum. The vibrational and the rota-
tional partition functions for the ideal polyatomic molecules
wheref: is the Planck constant divided byrznd the specific may be expressed

volumev® of phasea. One finds

) 3 H exp—©0,/2T) (74
J:M(epr_S_expLAS), (65) qVIb I=1 1_exq_e|/T)
V2mmkT K k
and
whereP..(T") is the saturation pressure corresponding to the 15 05
temperaturd®, mis the mass of the molecule, and since the Qror= (%;_r (1) (75)
vapor has been assumed to be an ideal.gasgiven by U\ h os

ot whereO, is a characteristic temperature for vibratioms the
n=ex;<ﬁ [Pé— Pw(TL)]). (66) product of principal moments of inertia of the molecule, and
o the symmetry factor of the vibration orientation. At the
saturation condition, the chemical potential of the liquid and

If the pressure of the liquid phase is not too different fromvapor phases are equal:

the saturation vapor pressure, i.e., if
HTSPo(THI=pY[THPL(TH]. 7
Pt p (o<1, 7 LTS PL(TY = wV[ T PL(TY)] (76)
Thus from Eq.(72)
wherex" is the isothermal compressibility of the liquid, this
phase may be approximated as slightly compressible. Then uV[T:P.(TH)]
its chemical potential is given by g~ —kin

m 3/2(kTL)5/2
(277?12) Px(TL)}
w(T,P)=p[TYP.(TH]+0vL[P—P.(TH]. (68 —k IN[Qyin(TH) Aol TH) eted TH) ]
(77)

If R; andR, are the radii of curvature of the surface element
SA, the value ofP'(; is determined by solving iteratively and from Eqgs(68), (72), and(77)
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/.LL(TL,PL) /.LV(TV,PV) 3.0.
TL TV
L -
0 1 1 ? 2.54
= PVt T = L & “°7]
TL P Y Rl R2 Poo(T ) é‘: ]
1 TV 5/2 Poc(TL) §
—De¢ LTV +Kk In 7T v 52.0'
(TY) A T) E
1K In Orot . Avib =|. (78) g |
qrot(T )QVib(T ) 5 1.5
g |
After substituting Eqs(71) and(78) into Eqg.(70) one finds £ ]
' r
S
AS_ [, T (1 1 gz 107
u—— _—— —_—— &
k T ATV Tt &
3
0, 0, ) 0.5-
X —t — 45° Line
21 2 exp6,/TV)—-1 O octane
TV\52 p (TL) ©  methylcyclohexane
+Inl | = e 7 0T T T T T
TL pY 0 05 10 15 20 25 30
vh 1 PV calculated by SRT (kPa)
+ o |PY+ Y o+ 5| - P(TH)
kT Ri R FIG. 4. Comparison of the pressure in the vapor predicted by the
qmt(TV)qVib(TV) SRT approach and with that measured in the vapor phase. The open
In W . (79 squares represent the experiments with octane and the open circles
ro VI

represent the experiments with methylcyclohexane. If there were

Since the vibrational and the rotational temperatures that ag2erect agreement between the measurements and the predictions,
pear in the partition functions are not available for the hy-a” points would lie on the soli_d 4_15" line. The error _in t_he measured
drocarbons, we shall investigate the possibility of neglectind’"€SSure was-13.3 Pa, but this is too small to be indicated.
changes in rotational and vibrational partition functions that

result from changing the temperature frdh to TV. Under ration would occur at a measured rate. Also, in making this
this condition.AS becomes prediction, we assume the liquid-vapor interface will be ap-

proximated as spherical:
AS_4 ) ™) ol
PR LA

. T PVt Ri=R;=R;. (81)

( TV> 5/2 Pw(TL)

1 1 ) L
R, + R, P..(TH)

The value ofR; and the average value pfor each experi-

(800 ment are given in Table | and the valuesTéfandT" on the

center line are given in Table Il. When these values are sub-
Once Eqs.(66) and (80) are substituted into Eq65), one stituted into Eq.(65), the value of the pressure for each ex-
obtains an expression for the evaporation flux that is in termgefiment can be predicted. The results obtained for both hy-
of T, TV, PV, Ry, andR,. drocarbons are shown in Fig. 4.

The pressure in the vapor was not measured exactly at the
interface; however, the maximum Mach number in these ex-
periments was 2010 4. Thus the effect of the vapor bulk
velocity on the pressure reading would be less than 1.0 Pa.

The rate of evaporation was set by a computer controlled he error for the measurement of the pressure in the vapor is
syringe pump(accuracy*=0.5%), the temperatures at the in- 13.3 Pa. Thus the effect of the position at which the pressure
terface are accurately predictéskee Fig. 2, and for the hy- was measured would be small compared to the accuracy of
drocarbon interfaces that we consider, the evaporation flux ihe measurement. Hence, to examine the validity of the SRT
insensitive to the radii of curvature; however, the pressure irexpression for the evaporation flux, the measured pressure in
the vapor could only be measured to 13.3 Pa. A sensitivitthe vapor may be directly compared with the predicted pres-
analysis has been performed on the SRT expression for theure on the vapor side of the interface. The measured values
evaporation rate. In order for the evaporation rate to be presf the pressures for each experiment are also shown in Fig. 4,
dicted as accurately as it could be measured for the experwhere they may be directly compared with the predicted val-
ment with the highest evaporation rate, for octane the pregies.
sure would have to be measured to within 0.0017 Pa and for Clearly, the measurements and the predictions are in very
methylcyclohexane to within 0.0026 Pa. close agreement. Because of the large values of the pressure

Thus, to examine the validity of the expression for thein these cases, the error bars on the measured pressure are
evaporation flux, we shall use the expression for the flux tanot visible. In none of the experiments with either octane or
predict the value of the pressure in the vapor at which evapomethylcyclohexane did the predicted pressure differ from the

VIl. EXAMINATION OF THE EXPRESSION
FOR THE EVAPORATION FLUX
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measured pressure by as much as 13.3 Pa. Thus there wasmaie that the energy uncertainty principle plays an essential
measured difference between the predictions and the meesle in its derivation. If one adopted a classical thermody-

surements for either hydrocarbon. namic description of the small volume of liquid or of vapor,
then since each small volume was assumed to have a known
VIIl. DISCUSSION AND CONCLUSION temperaturel' , a known volumesL“5A, and known num-

) ] ] ber of particles\®, the small volume would necessarily have
The SRT expression for the evaporation flux is based oR certain energy. Thus, in the classical limit both the Planck

the transition probability concept. This concept can be justi¢onstant and\E® would be zero. This would mean that the
fied from a first-order perturbation analysis of the Sehro procedure for deriving the SRT expression for the evapora-
dinger equation if the timest for a molecule to make a tjon rate from a first-order perturbation analysis of the $ehro
transition from the liquid phase to the vapor satisfies &4 ginger equation could not be justified since the right-hand
[2]. To examine the limits ordt, the extent of the small gjge of Eq.(65) would become undefined.e., 0/0.

volume in the vapowL" will be approximated as the mean  f the SRT expression were available, it could not be cor-
free path and its value may be estimated from the viscosityectly evaluated from a strictly classical point of view be-
of the vapor. The value chE“ may be calculated from Eq. cause the molecules would be viewed as distinguishable.
(63). The most stringent condition arises when the evaporathjs point of view has a profound effect on the expression
tion flux is the highest. Using the values of the evaporatioryor the chemical potential because this function then depends
flux, the temperatures listed in Table I, and the values of th@)y the extensive variables rather than only intensive vari-
thermodynamic properties in R€fi6], one finds for octane gples. For example, the chemical potential of a classical
that monatomic ideal gas of distinguishable particles is

— 65 ~1ys —14
3X10 °>6t(s”*)>3X%x 10 (82 MClz—len[V(ZkaD3/2]. (84)

and for methylcyclohexane that In this circumstance, the procedure used in E@6) and

2Xx10° 5> 6t(s~1)>3x 10714, (83  (77) could not be used to express
Thus the necessary condition for calculating the transition pH(TEPY wV(TY,PY) 85
probability from a first-order perturbation analysis of the TL TV (85)

Schralinger equation appears to be satisfied.

The sufficient condition for the validity can only be estab-in terms of the intensive properties at the interface. One
lished by comparing the predictions with the measurementsyould find that this difference in chemical potentials de-
In each of the five experiments with two hydrocarbons, thepended on the sizes chosen for the small volumes and such a
temperature in the vapor at the interface has been found to result would be completely nonphysical. However, it has
greater than that in the liquid at the interface. The maximurrbeen known since the time of Gibbs that the expression for
discontinuity in the case of octane was 4.7 °C and for meththe chemical potential that is obtained from strictly classical
ylcyclohexane it was 5.7 °C. When these temperatures anmechanics has to be “corrected9]. The correction is de-
inserted into the SRT expression for the evaporation flux andived from quantum mechanics without special consideration
the value of the pressure in the vapor calculated that wouldimply by taking the indistinguishability of the molecules
produce the observed evaporation rate, it was found in fivénto account. In general, one can say that strictly classical
experiments with octane and five with methylcyclohexanestatistical mechanics does not provide the correct depen-
that there was no measured disagreement. dence on the number of particles in the expression for the

The measured temperature discontinuity for these hydrothermodynamic properties. Thus, in this sense, it appears that
carbons is in the same direction as that found for water. Fofjluantum mechanics plays a fundamental role in determining
all three liquids, there is close agreement between the prehe expression for the evaporation rate; however, it is not
dictions from the SRT expression for the liquid evaporationclear that this is the cause of the predictions of classical
rate and the measuremef®. In the case of water, the tem- kinetic theory being in disagreement with the measurements.
perature discontinuity is in the opposite direction to that pre-
dicted by classical kinetic theory. One question that arises is ACKNOWLEDGMENTS
whether quantum mechanics plays an essential role in the
predictions that are in agreement with the measurements. This work was completed with the support of the Natural
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derived from a classical point of view is unclear. Also, we the Canadian Space Agency.

[1] C. A. Ward, J. Chem. Phy§7, 229(1977); C. A. Ward, R. D. [2] C. A. Ward and G. Fang, preceding paper, Phys. Re%8E

Findlay, and M. Rizkjbid. 76, 5599(1982; C. A. Ward,ibid. 429(1999.
79, 5605(1983; C. A. Ward and M. Elmoselhi, Surf. Sci76, [3] G. Fang and C. A. Ward, this issue, Phys. Revb& 417
457 (1986; J. A. W. Elliott and C. A. Ward, J. Chem. Phys. (1999.

106, 5667 (1997; 106, 5667 (1997). [4] C. A. Ward and G. Fan@unpublishegl



PRE 59 EXAMINATION OF THE STATISTICAL RATE THEORY ... 453

[5] Y.-P. Pao, Phys. Fluid&4, 306 (1972); 16, 156QE) (1972);
16, 1340(1973; C. E. Siewert and J. R. Thomas, Jbid. 16,
1557 (1973; K. Aoki and C. Cercignani,ibid. 26, 1163
(1983; J. W. Cipalla, Jr., H. Lang, and S. K. Loyalka, J.
Chem. Phys61, 69 (1974.

[6] N. B. Vargaftik, Tables on the Thermophysical Properties of
Liquids and Gases in Normal and Dissociated Stagesl ed.
(Hemisphere, New York, 1975pp. 269 and 303; N. V. Tsed-
erberg, Thermal Conductivity of Gases and LiquidMIT
Press, Cambridge, MA, 1985p. 89 and 137; C. Y. Ho, P. E.
Liley, T. Makita, and Y. TanakaRroperties of Inorganic and
Organic Fluids, CINDAS Data Series on Material Properties
(Hemisphere, New York, 1988Vol. 1, p. 245; D. J. Jamieson,
J. B. Irving, and J. S. Tudhopéjquid Thermal Conductivity,

A Data Survey to 1973National Engineering Library, Her
Majesty’s Stationery Office, Edinburgh, 197%p. 41, 61, and
66; C. L. Yaws,Handbook of Viscosity, Organic Compounds
Cs to C; (Gulf, Houston, 1995 Vol. 2, p. 329; Y. M. Naziev
and A. N. Shakhverdiyev, iThermal Conductivity 1,7edited
by J. G. Hust(Plenum, New York, 1981 p. 275.

[7] M. N. Ozisik, Boundary Value Problems of Heat Conduction

(Dover, New York, 1988 p. 412; W. J. Minkowycz, E. M.
Sparrow, G. E. Schneider, and R. H. Pletchéandbook of
Numerical Heat Transfe(Wiley, New York, 1988, p. 53.

[8] T. L. Hill, An Introduction to Statistical Thermodynami@o-

ver, New York, 1986 Chap. 9.

[9] R. C. Tolman,The Principles of Statistical Mechani¢®xford

University Press, London, 1952. 626.



